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Instantaneous streamwise fluctuations of the wall shear stress have been measured 
using a hot-element probe in a thick axisymmetric turbulent boundary layer on a 
cylinder aligned parallel to the flow. The measurements were made at a momentum- 
thickness Reynolds number R, = 3050 and a ratio of boundary-layer thickness to 
cylinder radius of 6 / a  = 5.7. The ratio of the r.m.s. of the fluctuation to the mean value 
of the wall shsar stress, 7,,,/7, is about 0.32, a value slightly lower than that for recent 
measurements for flow over a flat plate. The probability density function of the wall 
shear stress is similar to that for planar wall-bounded flows within experimental error. 
The power spectral density of the wall shear stress shows that a cylindrical boundary 
layer contains less energy at lower frequencies and more energy at higher frequencies 
than other wall-bounded flows. Analysis of simultaneous measurements of the 
streamwise wall shear stress and the streamwise velocity using VITA and peak 
detection suggests that transverse curvature has little effect on the near-wall 
burst-sweep cycle compared to planar wall-bounded flows. The angle of inclination of 
the structures is similar to that measured for large-scale structures in planar wall- 
bounded flows. However, measurements of the cross-correlation between the shear 
stress and the velocity suggest the existence of smaller structures yawed to the axis of 
the cylinder. The coherence between shear stress and velocity shows a low frequency 
associated with the inclined structures and a higher frequency associated with the 
yawed structures. The yawed structures could have an arrowhead or half-arrowhead 
shape and may be associated with fluid from the outer flow washing over the cylinder. 

1. Introduction 
The effect of transverse curvature on the turbulent boundary layer that develops as 

a fluid flows parallel to a cylindrical surface has applications to boundary layers on 
many different bodies including missiles, towed submerged cables, vehicles, and glass 
or polymer fibres during fabrication. Even though the instantaneous structure of 
turbulent planar wall-bounded flows has been investigated in great detail in an effort 
to understand the dynamics of the flow (Robinson 1990), the effects of transverse 
curvature on the flow have been largely neglected. The analysis of a boundary layer 
with transverse curvature, such as the boundary layer on a cylinder in axial flow, is 
complicated by the additional lengthscale related to the transverse curvature of the wall 
and the fact that the boundary-layer thickness 6 can grow to be much larger than the 
radius of the cylinder a. 

The character of a cylindrical turbulent boundary layer has a strong dependence on 
the parameter &/a, relating the boundary-layer lengthscale to the curvature of the wall. 
For 6/a  < 0(1), the measurements of turbulence intensity, Reynolds stress, and wall- 

7-2 



192 A .  Wietrzak and R. M .  Lueptow 

pressure fluctuations appear similar to those of other wall-bounded flows indicating 
that transverse curvature plays little role in the structure of the turbulence Willmarth 
& Yang 1970; Willmarth et al. 1976; Luxton, Bull & Rajagopalan 1984; Lueptow 
1990). However, the effect of transverse curvature becomes apparent in the fuller mean 
velocity profile and higher coefficient of friction for &/a > O(1) (Richmond 1957). The 
Reynolds stress drops off more quickly with distance from the wall than in a planar 
boundary layer, perhaps as a result of spreading of the flow field to larger 
circumferences from the wall to the edge of the boundary layer (Lueptow, Leehey & 
Stellinger 1985). The wall-pressure spectrum contains a lower energy density at low 
frequencies than planar wall-bounded flows (Willmarth & Yang 1970). A striking 
difference between the boundary layer on a cylinder and that on a flat plate is that the 
wall of the cylinder does not constrain the motion of turbulent eddies in the wall 
normal direction as much as a flat plate. Flow visualization of a cylindrical boundary 
layer indicates that large turbulent structures can pass from one side of a cylinder to 
the other when the cylinder diameter is small in comparison to the boundary-layer 
thickness (Lueptow & Haritonidis 1987). Consequently, the turbulent character of the 
cylindrical boundary layer is boundary-layer-like in the immediate vicinity of the wall 
and wake-like further away from the wall when 8 is much larger than the cylinder 
radius. 

An issue that still remains the subject of controversy for wall-bounded flows is the 
connection between the bursting phenomenon near the wall and the large-scale motion 
observed in the outer part of a turbulent boundary layer (Robinson 1990). Distinct and 
well-defined bursts of low-momentum fluid ejected away from the wall followed by 
sweeps of high-speed fluid from the outer regions towards the wall are responsible for 
most turbulence production in planar wall-bounded flows (Kline et al. 1967; Corino & 
Brodkey 1969; Kim, Kline & Reynolds 1971). Application of turbulence detection 
schemes for the analysis of bursts to the turbulent boundary layer on a cylinder in axial 
flow indicates that the conditionally averaged events are similar to those for a flat plate. 
However, the outer wake-like portion of the boundary layer may promote the bursting 
process (Lueptow & Haritonidis 1987). 

The instantaneous wall shear stress is a signature of the phenomena occurring above 
it. Hence, the effects of the transverse curvature on the structure of a cylindrical 
boundary layer should be reflected in the instantaneous values of the wall shear stress. 
The purpose of this investigation is to determine the character of the streamwise 
fluctuating wall shear stress as well as to relate the fluctuating wall shear stress to the 
streamwise velocity in a cylindrical turbulent boundary layer. Unfortunately, the 
characteristics of the fluctuating wall shear stress are not well established even for the 
turbulent boundary layer on a flat plate. Although several measurements of the wall 
shear stress intensity, 7,,,/7, have been made (as noted in table 2), there is no 
consensus on its value. This may be a result of the use of several different techniques 
for measuring the wall shear stress, each having its own problems with spatial 
resolution and frequency response. Even fewer reliable measurements have been made 
of the wall shear stress simultaneously with the velocity in planar boundary layers, and 
none have been made in cylindrical boundary layers. 

In this paper we present results of measurements of the fluctuating wall shear stress 
in the boundary layer on a cylinder in axial flow as well as simultaneous wall shear 
stress and streamwise velocity measurements. The purpose of this work is to 
understand the effect of transverse curvature on the structure of the turbulence in a 
boundary layer on a cylinder in axial flow as well as to address the fundamental 
relationship between the wall shear stress and the velocity field. 
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2. Experimental arrangement 

2.1. Vertical wind tunnel 
This investigation was conducted in the vertical wind tunnel facility at Northwestern 
University. A schematic of the wind tunnel including an exploded view of the 
cylindrical model and the velocity/shear probe arrangement is shown in figure 1. This 
open-circuit wind tunnel has a test section 3.05 m long with a 0.364 x 0.364 m square 
cross-section. At a normal air speed of 10 m s-l the level of free-stream turbulence in 
the wind tunnel was 0.15 YO in the frequency range from 0.1 to 20000 Hz. The pressure 
gradient along the length of the test section was negligible. More details of the wind 
tunnel can be found in Wietrzak (1992) and Snarski (1992). 

2.2. Cylindrical model 
A 3.0 m long cylinder suspended along the centreline of the test section was used for 
all of the experiments. The cylinder was fabricated from an acrylic tube of 
0.952+0.0063 cm outer diameter and a wall thickness of 0.159 cm. The low thermal 
conductivity of the acrylic reduced the effects of the heat transfer to the wall from the 
hot-wire velocity probe, allowing velocity measurements to be made closer to the wall. 
The test cylinder was placed in tension to ensure its straightness and stability during 
the tests conducted. To assure axial symmetry of the boundary layer, the wall shear 
stress was measured using a Preston tube (Pate1 1965; Head & Ram 1970) of 0.56 mm 
OD and 0.15 mm wall at the same axial position but different circumferential 
locations. The variation in wall shear stress was less than 4 YO, indicating a high degree 
of axial symmetry of the boundary layer. 

A 1.250 cm OD O-ring around the leading edge of the cylinder at the upstream end 
of the test section was used to trip the boundary layer. The wall shear stress 
measurements were made 2.10 m downstream of the trip. The characteristics of the 
boundary layer at this location along with other measurement parameters are given in 
table 1. 

2.3. Instrumentation 
Mean and fluctuating velocities were measured using a home-built hot-wire U probe 
that was mounted at the tip of an airfoil sting that could be traversed along the length 
of the wind-tunnel test section. The sensing wire was a 2.5 pm diameter Pt-Rh (90/10) 
alloy. The length of the sensing wire was 0.051 cm. This corresponded to the ratio of 
sensing length to wire diameter l / d  = 203, and I+ = 17.0 at a free-stream velocity of 
11 m s-l. The + superscript denotes non-dimensionalization with the friction velocity 
u, and kinematic viscosity v. Thus, the criterion that l / d  2 200 in order for the effects 
of heat loss to the prongs to be negligible was satisfied as was the criterion 
recommended by Blackwelder & Haritonidis (1983) that I+ = 10-20 for adequate 
spanwise spatial resolution. The shear probe used to measure the instantaneous wall 
shear stress is described in detail in $ 3 .  

The hot-wire probe and the shear probe were operated using a DANTEC model 
CTA 56C01/56Cl7 constant-temperature anemometer. Both probes were operated at 
a resistance overheat ratio of 30 YO. This overheat ratio has been used successfully with 
wire-on-the-wall-type shear probes by other investigators (Alfredsson et al. 1988; Shah 
& Antonia 1987). The standard square-wave test gave a frequency response of 22 kHz 
and 17 kHz for the velocity probe and shear probe, respectively. 

The hot-wire probe was always calibrated in the free stream of the wind tunnel just 
prior to recording the data. The wind tunnel was run at 5 to 10 different free-stream 
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FIGURE 1. Schematic of the wind tunnel and velocity/shear probe arrangement. 

U, = 11.0 m s-' 
So,,, = 2.70 f 0.18 cm 
S* = 0.491 k0.07 cm 
6' = 0.423 f0.058 cm 
Re, = 3050 
.i = 0.307 Pa 
u,/Uo = 0.046 
At+ = At u;/v = 0.84 
Z+ = lu,/v = 17 (velocity probe) 
W+ = WuJv = 9 (shear stress probe) 

TABLE 1. Characteristics of flow and measurements. Note that S* and 6' denote the displacement and 
momentum thickness, respectively, using the cylindrical boundary layer definition (Kelly 1954). 

velocities. The free-stream velocities were measured using a Pitot tube and a 
BARATRON-223-B differential pressure transducer with a resolution of 0.001 mm Hg. 
A third-order polynomial was used to fit the anemometer's voltage to the velocity. The 
calibration was repeated after data were taken, and the data were discarded if the 
calibration changed by more than 2 %. 

In all cases, prior to sampling, the d.c. voltage outputs from the anemometer were 
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first offset and then the signals were amplified, using home-built electronics, with gains 
of approximately 80 and 180 for the velocity probe and the shear probe, respectively. 
The data to be used in the analysis were sampled at 20 kHz after being low-pass filtered 
at the Nyquist frequency of 10 kHz. The non-dimensional time between samples, At+, 
is shown in table 1. 

The data were digitized using a 12-bit GWI-625 MacADIOS I1 A/D board in a 
Macintosh IIcx computer. The temporal sampling length per data set was 17006/U0 
(80000 points). Since the time for the passage of a large eddy in the outer flow is of the 
order 6/Uo this represents the time for passage of several hundred large eddies. Some 
data sets with a temporal sampling length of 21 OOOS/U,, (lo6 points) were also taken. 

3. Heated-element shear probe 
3.1. Background 

Most successful measurements of the fluctuating wall shear stress in pipes or planar 
wall-bounded flows have utilized heat transfer or mass transfer shear probes. Excellent 
reviews of the subject are given by Dewey & Huber (1982) and Haritonidis (1989). A 
heated-element heat-transfer shear probe was used in this wind-tunnel investigation, 
since mass-transfer probes rely on the presence of an aqueous solution. 

The principle of operation of a heated-element probe is that the rate of removal of 
heat from a small heated element, a metal film or wire, mounted on the wall is related 
to the instantaneous shear stress (or more precisely, the velocity gradient) in the fluid 
immediately adjacent to the element. Unfortunately, there are several problems 
inherent in the operation of these probes. 

The dynamics of the thermal response of the heated element attenuates the response 
of the sensor to high-frequency wall shear stress fluctuations. Keith (1990) solved for 
the dynamic thermal response of a film-type heated-element gauge in a planar 
boundary layer with an adiabatic substrate : 

q’ = Kl 
[ 1 + (K, wL+gz]t 7’. 

This equation shows that the spatially averaged heat flux fluctuation q’ corresponding 
to a wall shear fluctuation of amplitude T’ is a function of the frequency of the shear 
stress fluctuation w and the sensor streamwise length L+. The constants K, and K, are 
functions of the mean wall shear stress and heat flux and the thermophysical properties 
of the fluid. A similar results was obtained by Fortuna & Hanratty (1971) and Mao & 
Hanratty (1985). 

In addition to the heat flux to the fluid flowing over the gauge, heat is also lost by 
direct conduction to the substrate supporting the heated element. This increases the 
effective streamwise length of the heated-element gauge L+ in equation (l), since the 
thermal boundary layer starts to develop further upstream of the element. Because of 
the thicker thermal boundary layer resulting at the element, the response of the probe 
is attenuated even more at high frequencies. Furthermore, at low frequencies, a 
phenomenon referred to as thermal feedback occurs where the substrate responds to 
fluctuations in the heat transfer from the element by feeding back thermal waves 
opposite in phase to the fluctuations (Carslaw & Jaeger 1957). Bellhouse & Schultz 
(1968) had this problem for their probes for frequencies up to 200 Hz. 

At present no analytical or empirical corrections exist for the effects caused by the 
thermal boundary layer-element-substrate interactions. The most effective way to 
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minimize these effects is to use a substrate with a low thermal conductivity and to 
minimize the streamwise length of the heated element. The heated-element shear probe 
used in these experiments was designed in such a way. 

3.2. Shear probe design and construction 
The heated-element shear probe used in this investigation was the hot-wire-on-the-wall 
type. The shear-probe substrate was made from low-thermal-conductivity ceramic 
thermocouple insulation (Omegatite 200, Omega Corp., Stamford, CT). The thermal 
conductivity of the ceramic was 2.31 Wm-l K-l, which is one-quarter that of quartz, 
the most commonly used substrate material in commercially available hot-film gauges. 
The cylindrical ceramic piece was 0.114 cm in diameter with two 0.025 cm diameter 
axial holes separated by 0.025 cm (edge to edge). A jewellers’ broach with a 0.0038 cm 
diameter tip was epoxied in each hole of the ceramic so that it protruded slightly 
beyond the end of the ceramic. The ceramic was mounted in a cylindrical plug of a low- 
thermal-conductivity plastic, NORYL EN 265, which was mounted in the test cylinder. 
The plug was machined so that it had the same radius of curvature as the test cylinder 
to ensure that it was flush with the test cylinder wall. The NORYL-ceramic-broach 
assembly was inserted into a hole drilled along the diameter of the test cylinder and was 
adjusted until the leading edge was within 0.0025 cm (O.85v/uT) of the surface of the 
cylinder). According to the investigation carried out by Lefebvre & LaPointe (1986), 
the flow should not have been affected by a misalignment from flush of this magnitude. 

The heated element was made by soft soldering a 2.5 pm diameter Pt-Rh (90/10) 
alloy wire to the ends of the jewellers’ broaches which had been sanded flush with the 
ceramic surface. The wire was mounted so that it was in contact with the ceramic 
substrate. Alfredsson et al. (1988) recommended a maximum spanwise probe length of 
W+ = 10-20 for adequate spanwise spatial resolution. However, Shah & Antonia 
(1987) varied W+ from 3 to 45 and found no apparent change, within experimental 
error, in the level of the relative intensity of the wall shear stress fluctuations. In this 
investigation, the length of the shear-probe wise was 0.0254 cm, corresponding to 
W+ = 9 and a length-to-diameter ratio of W/d = 100. The streamwise length of the 
heated element was L+ = 0.1, only $h that of commercial hot-film gauges such as TSI 
Model 1268W. More details on the shear-probe construction can be found in Wietrzak 
(1992). 

3.3. Shear-probe frequency response 
Keith’s (1990) solution for the dynamic response of a heated film mounted on an 
adiabatic substrate can be used to estimate the high-frequency limit where the sensor 
response is affected by attenuation. Since the thermal boundary layer starts to develop 
upstream of the heated element owing to heat conduction to the substrate, the effective 
length of the heated element must be estimated and used in place of L+ in equation (1). 
The effective length, L,, is given by Spence & Brown (1968) as 

where Pr and k are the Prandtl number and thermal conductivity of the flow medium, 
E is the average voltage drop across the heated element of resistance R, and AT is the 
temperature difference between heated element and ambient determined from the 
overheat ratio. Equation (2) overestimates L, because part of the heat generated, P / R ,  
by the heated element is conducted to the substrate. Using (2), L: = 11. L, was 
assumed to be distributed symmetrically about the heated element. Since only the 
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region upstream of the heated element influences the development of the thermal 
boundary layer and, hence, on the sensitivity of the probe, $Le was used in determining 
the upper frequency limit of the shear probe. 

Equation (1) requires that the thermal boundary layer lie within the viscous sublayer 
at the heated-element probe. The thermal boundary layer thickness at the end of the 
actual heated element was 8; = 5.8 based on an expression given by Ling (1963). 
Willmarth et al. (1976) have shown that the mean velocity profiles of cylindrical and 
planar boundary layers are nearly identical within the viscous sublayer. Thus, the 
unsteady analysis for a planar boundary layer by Keith (1 990) leading to (1) is assumed 
to be valid in our cylindrical boundary layer. 

Keith (1990) obtained the one-half power frequency, U+ by setting K,wL+~ in (1) 
equal to unity. The amplitude of the heat flux fluctuation at U; decreases by 29 % (3 dB) 
from the value that would occur if the probe had the same response at all frequencies 
as it does at quasi-steady state. For this investigation, with a free-stream velocity of 
11 m s-l and $/a  = 5.7, U; corresponds to a frequency = 2600 Hz. A square-wave 
test of the anemometer-probe response gave an upper frequency limit of 17 kHz, 
indicating that the thermal response of the probe limits the overall response of the 
system. 

3.4. Shear-probe calibration 
The commonly accepted relationship between the anemometer output voltage and the 
wall shear stress for hot-film probes is 

ri = A P + B ,  (3) 

where r and E are the instantaneous wall shear stress and voltage drop and A and B 
are calibration constants (Haritonidis 1989). However, this relationship is not obeyed 
for the type of shear probe where a wire mounted on the surface of the substrate serves 
as the heated element (Shah & Antonia 1987). In this case it is preferable to use a 
polynomial of the form 

relating the instantaneous output voltage and the instantaneous wall shear stress 
(Haritonidis 1989). For this investigation a third-order polynomial was used. Its 
time-averaged form, denoted by the overbar, is 

= c,+c,E+c,P+ ... (4) 

T = c , + c , E + c , ( ~ + + ) + c , ( ~ + + E ~ ) ,  ( 5 )  

where e’ is the fluctuating component of the voltage drop such that E = E+e’.  The 
constants c,, c,, c, and c, were obtained by calibrating the shear probe in situ against 
the mean wall shear stress obtained with a Preston tube in a turbulent cylindrical 
boundary layer at 5 to 10 different free-stream velocities and using a least-squares fit 
to (5 ) .  Equation (4) was then used to obtain the instantaneous wall shear stress from 
the acquired voltage data. In order for the measured wall shear stress fluctuations to 
fall on the calibration curve the calibration range had to cover values 0.3 to 2.8 times 
the mean wall shear stress that was measured. A similar calibration range was reported 
by Alfredsson et al. (1988) for a planar wall-bounded flow. 

The Preston tube used for calibration had an outer diameter of 0.0559 cm 
(8 = 10-30 over the calibration range). The inherent weakness in using a Preston tube 
in cylindrical boundary layers is that the calibration of the Preston tube in a planar 
boundary layer must be assumed to be valid in a cylindrical boundary layer. This 
assumption can be confirmed in two ways. 
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First, using the planar-boundary-layer calibration is permissible if the outer 
diameter of the Preston tube falls within the region where the cylindrical velocity 
profile can be approximated by the planar velocity profile within acceptable error. 
From the results of Willmarth et al. (1976), Lueptow et al. (1985), and Lueptow (1988) 
at aK = 30 and 6 /a  = 5.7 the mean velocity profile of a cylindrical boundary layer 
shows only a minor deviation from that of a planar boundary layer. 

Second, Willmarth et al. (1976) used Preston tubes of several different diameters to 
measure the mean wall shear stress in a boundary layer on a 1 in. diameter cylinder and 
concluded that the shear stress obtained with a Preston tube is correct as long as the 
ratio of the tube diameter to cylinder diameter is less than 0.3 for 8/a = 4.1. in this 
investigation, the ratio of the Preston tube diameter to cylinder diameter was 0.059, 
although 6/a = 5.7 was larger than that of Willmarth. 

To calibrate the shear probe the opening of the Preston tube was located at the same 
axial location on the cylinder as the heated element of the shear probe but offset 
circumferentially by 90". Data sets sampled at 8.3 kHz for 6 s (50000 points) were 
taken at 5 to 10 different free-stream velocities. The corresponding differences between 
pressures at the Preston tube and the static pressures were measured using a differential 
pressure transducer. The mean wall shear stresses were obtained using the results of 
Head & Ram (1971). The calibration was repeated after data were taken and the data 
were discarded if the calibration changed by more than 2 YO. 

4. Results : characteristics of the wall shear stress fluctuations 
4.1. Intensity of wall shear stress Jluctuations 

The relative intensity of the wall shear stress fluctuations, 7,,,/7, indicates the level of 
turbulence near the wall. The values of the 7,,,/7 ratio reported by various 
investigators range from 0.06 to 0.40 for various wall-bounded flows, although recent 
careful measurements put the values of the wall shear stress intensity at 0.36 to 0.40 
(Alfredsson et al. 1988). Many measurements of the quantity are tabulated in table 2 
and shown in figure 2 as a function of spanwise resolution of the probe, W+. The wide 
variation is attributed to factors such as spanwise spatial averaging, heat loss to the 
substrate, and the frequency response of the various probes. The probes with a fine 
wire as the heated element (filled symbols) usually measured higher values of 7,,,/r in 
air compared to hot-film probes for the same spanwise resolution. This suggests that 
attenuation of the probe frequency response is much greater for hot-film probes 
because of their longer effective length as noted in 0 3.1. The fluid medium also affects 
the measurement of the fluctuating wall shear stress. The power transferred to the fluid 
is smallest for air and greatest for water (Alfredsson et al. 1988). This suggests that the 
importance of heat loss to the substrate is greatest with air and smallest with water, 
resulting in more attenuation of the wall shear stress signal in air than water. In 
addition the high-frequency response limit of the probe is inversely related to the 
Prandtl number of the fluid (Alfredsson et al. 1988). As a result, measurements in oil 
suffer the greatest high-frequency attenuation and measurements in air suffer the least. 
It is also evident from figure 2 that spanwise averaging reduces 7,,,/7 as W+ becomes 
large. 

The wall shear stress intensity measured for six different momentum-thickness 
Reynolds numbers ranging from 2000 to 4060 was 7,,,/7 = 0.32. The typical standard 
deviation in the wall shear stress intensity over 5 to 9 measurements at each Reynolds 
number was 0.02 and most likely resulted from daily calibration changes, different 
sensor wires, and minor variations in wind-tunnel conditions over the period of several 
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Investigator 

Alfredsson et al. 
(1988) 

Castro et al." 
Chambers et al. 

Eckelmann (1974) 
Karlsson et al." 
Keith & Bennett 

Kim et al. (1987) 
Madavan et al. (1985) 
Mitchell & Hanratty 

Popovich (1 969)" 
Shah & Antonia (1987) 

(1983) 

(1991) 

(1966)" 

Sreenivasan & Antonia 
(1977) 

Thomas" 
Present study 

W+ 

17 
33 
20 
2 
2 

20 
25 
20 
22 

4 

120 
210 

300 

* 

* 

38.9 

* 
6.1 

11.7 
18.2 
25.7 
31.3 
38.7 
45.3 
62.7 

40 
9 

T,,,lT 

0.095 
0.16 
0.39 
0.2 
0.36 
0.4 
0.35 
0.4 
0.06 

0.24 
0.40 
0.17 
0.13 
0.36 
0.22 
0.32 

0.38 
0.23 
0.27 
0.29 
0.29 
0.29 
0.28 
0.27 
0.25 

0.12 
0.32 

Measurement 
technique 

hot film 
hot film 
hot wire on the wall 
hot film 
hot film on the wall 
hot film 
hot film on the wall 
pulsed hot wire 
hot film 

hot film 
laser anemometry 
hot film 
hot film 
numerical simulation 
hot film 
electrochemical 

flash photolysis 
hot wire on the wall 
hot wire on the wall 
hot wire on the wall 
hot wire on the wall 
hot wire on the wall 
hot wire on the wall 
hot wire on the wall 
hot film 

hot film 
hot wire on the wall 

Flow 
type 

boundary layer 
boundary layer 
boundary layer 
channel 
channel 
channel 
channel 
boundary layer 
channel 

channel 
boundary layer 
boundary layer 
boundary layer 
channel 
boundary layer 
Pipe 

channel 
channel 
channel 
channel 
channel 
channel 
channel 
channel 
channel 

boundary layer 
boundary layer 

"As given in Alfredsson et al. (1988). 
Values corrected for spatial averaging. 

* W+ cannot be defined so data are not included in figure 2. 

TABLE 2. Measurement of T,,,/? reported in the literature 

Flow 
medium 

air 
air 
air 
oil 
oil 
water 
water 
air 
air 

oil 
water 
water 
water 

water 
water 

water 
air 
air 
air 
air 
air 
air 
air 
air 

air 
air 

- 

~ ~ 

weeks. The value of 0.32 is similar to the values for planar wall-bounded flows 
obtained using a hot-wire-on-the-wall probe shown in figure 2, although it is slightly 
less than more recent careful measurements (Alfredsson et al. 1988). It is difficult to 
determine the dependence, if any, of r,,,/? on the Reynolds number because of the 
limited velocity range possible in the experimental facility. 

4.2. Probability density distribution of wall shear stress 
The probability density distribution of the instantaneous wall shear stress in the 
cylindrical boundary layer for 8/a = 5.7 is shown in figure 3. Based on six data sets, 
the average standard deviation over all the points due to experimental scatter is 0.01 17. 
Although &/a was varied from 5.5 to 6.0 in this investigation, the probability density 
curves for the other cases are not shown because they all lie within the experimental 
error of the 8/a = 5.7 case. A Gaussian distribution and the distribution of the wall 
shear stress fluctuations in a planar wall-bounded flow are also shown in figure 3 for 
comparison. The probability density distributions for the planar wall-bounded flow 
and the cylindrical boundary layer are similar suggesting that transverse curvature does 
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FIGURE 2. Intensity of the wall shear stress fluctuations as a function of probe type for measurements 
listed in table 2 (open symbols, hot-film; filled symbols, hot wire on the wall) and heated-element 
spanwise length. Flow medium: 0, air; A, oil; 0, water. Here x corresponds to an electrochemical 
cell in water (Mitchell & Hanratty 1966); +, present investigation. 

(7--7)/7ml, 

FIGURE 3. Probability density of the wall shear stress fluctuations: +, cylindrical boundary layer 
(R, = 3050,8/a = 5.7, error bars are f u); 0, channel flow, hot-film, U,D/v = 6050 where U,, is the 
centreline velocity and D is the channel half-width (Sreenivasan & Antonia 1977); -, Gaussian 
distribution. 

not affect the turbulent wall shear stress. It is also clear that no flow reversals at the 
wall (r < 0) occur in either case. 

The skewness, S, and flatness, F, of the wall shear stress obtained in this 
investigation and by other investigators for planar wall-bounded flows are given in 



Wall shear stress and velocity in a turbulent axisymmetric boundary layer 201 

Investigator S F Flow type 

Sreenivasan & Antonia (1977) 0.53 3.1 channel 
Kreplin (as given in Eckelmann 1974) 0.75 3.7 channel 
Alfredsson et al. (1988) 1 .oo 4.80 channel & 

Present (+ cr for 6 data sets) 0.80 k 0.087 3.65 k 0.274 boundary layer 
boundary layer 

TABLE 3. Skewness S and flatness F of wall shear stress fluctuations 

table 3. The values for the cylindrical boundary layer reported here are similar to those 
for planar wall-bounded flow. The lack of flow reversals at the wall gives in the 
probability density distribution a longer positive than negative tail, resulting in a 
positive skewness. Flatness greater than the Gaussian value of 3.0 results from a longer 
tail on the positive side in the shear stress distribution than in a Gaussian distribution. 

4.3. Wall shear stress spectrum 
Spectra of the wall shear stress were obtained to determine the effect of the transverse 
curvature on the frequency distribution of turbulent energy near the wall. The power 
spectral density function @ ( f )  of the fluctuations of the wall shear stress about its 
mean is defined such that 

(6) 

where f is the frequency. Using this form to plot the power spectrum, the energy 
between any two frequencies is proportional to the area under the curve bounded by 
those frequencies, so that the relative contribution of each frequency range to the 
mean-square values is easily evident. The power spectral density function was 
calculated using a standard fast Fourier transform (Newland 1984) with a rectangular 
spectral window on 39 data sets consisting of 211 data points each, and then ensemble 
averaged. 

Figure 4 shows the normalized power spectral density non-dimensionalized using 
inner variables and averaged over six identical measurements in a cylindrical boundary 
layer. The spectra of the wall shear stress of other wall-bounded flows are also shown 
in figure 4 for comparison. The ordinate is normalized by r,2ms so that the total are 
under the curve is equal to unity. Deviations from unity of the area under the curve, 
noted in the caption, suggest errors in the measurement where either a fraction of 
energy or an excess of energy is included in the plot, or too few points were available 
to accurately integrate. Non-dimensionalization using outer variables results in similar 
spectra. 

The most noticeable feature of the wall shear stress spectrum appears to be a higher 
energy content of the planar wall-bounded flows and pipe flow at lower frequencies 
compared to that of a cylindrical boundary layer. At the higher frequencies, the 
cylindrical-boundary-layer spectrum contains more energy. This is similar to what 
Willmarth et al. (1970) observed for the spectral density distribution of wall-pressure 
fluctuations in planar and cylindrical boundary layers. Willmarth’s explanation was 
that the transverse curvature resulted in smaller pressure-producing eddies, thus 
shifting the spectrum to higher frequencies. In the case of the cylindrical boundary 
layer, the frequency band where the maximum occurs is centred atJi/u,2 z 1 x lOP, or 
fS/U,, z 4 x and corresponds to that found by Lueptow & Haritonidis (1987) for 
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FIGURE 4. Normalized power spectral density: -, cylindrical boundary layer ( R ,  = 3050, 
J /a  = 5.7); A, planar boundary layer (hot-film, R, = 10630, Madavan et al. 1985); %, pipe flow 
(electrochemical probe, u d / v  = 22900, where d is the pipe diameter, Mitchell & Hanratty 1966); 0, 
channel flow (hot-film, U, D / v  = 11 780, Sreenivasan & Antonia 1977); 0, planar boundary layer 
(hot-film, R, = 8200, Keith & Bennett 1991). Half-power frequency of shear probe used in this 
investigation indicated byfg. Area under each curve: -, 1.0; a 1.19; %, 1.06; 0 ,0 .92;  0, 0.88. 

the streamwise velocity spectra in a cylindrical boundary layer. The maximum energy 
occurring a t f -  O(U,,/6) suggests that the structures responsible for most of the wall 
shear stress fluctuations are large-scale phenomena. 

5. Results: event detection 

The VITA technique utilizes short-time variance of the streamwise velocity signal as a 
measure of the turbulent activity. The short-time variance of the fluctuating component 
u’ of the streamwise velocity u at time t is defined as 

5.1. VZTA and peak event detection 

var(t, T )  = - S+iT t-iT u ” ( s ) d s - ( ~ ~ ~ ~ ~ u ’ ( S ) d s ) a  (7) 

T is the averaging time chosen such that it is of the order of the timescale of the 
phenomenon under study. An event is said to occur when the short-time variance (7) 
satisfies 

var(t, T )  > ku:,,, (8) 

where k is a chosen threshold level and u:,, is the long-time averaged variance 
(Blackwelder & Kaplan 1976). The point midway between the beginning and end of the 
period that the threshold is exceeded is taken as the reference time for the event. 

The peak detection technique detects the occurrence of high-amplitude peaks in the 
fluctuating components of velocity or wall shear stress signals indicating intense 



Wall shear stress and velocity in a turbulent axisymmetric boundary layer 203 

turbulent events. A peak event is considered to occur when the amplitude of the signal 
S(t) exceeds kS,,,. 

In VITA and peak detection, an additional criterion is imposed to distinguish the 
types of events detected. If at the time of detection, au’/at > 0 in VITA or the sign of 
the peak is positive in peak detection, the event is referred to as a positive event. 
Negative events have the opposite sign. The ensemble average of the events that exceed 
the threshold level k is known as the conditional average. 

For VITA detection, the number of times (8) is satisfied depends on k and T. 
Generally, there is not a single value of k where the number of detections is 
independent of T,  although in this investigation a similar frequency of events was 
detected for a relatively wide range of T when k = 1. On this basis, the value of k equal 
to unity was chosen as the threshold level for VITA. Other investigators such as 
Johansson & Alfredsson (1982), Alfredsson & Johansson (1984), and Shah & Antonia 
(1987) have also used a value of k = 1 for investigations of planar wall-bounded flows. 
The positive events are most readily identifiable with the burst-sweep cycle 
(Blackwelder & Kaplan 1976). Therefore, this analysis concentrates heavily on 
investigating the conditional averages of those events. At y+ = 30, the greatest number 
of positive events detected with VITA occurs when T+ = 15 (k = 1). This is very 
similar, within experimental error, to what has been observed by Lueptow & 
Haritonidis (1987) in a cylindrical boundary layer at comparable y+ and U,. Thus, the 
nominal value of T+ chosen for use throughout this investigation is 15 viscous time 
units. Other investigators, such as Johansson & Alfredsson (1982) and Shah & Antonia 
(1987) have used comparable values of T+ in planar wall-bounded flows. In all the cases 
considered here, the threshold level k in peak detection was adjusted to give the same 
number of events detected with k = 1, T+ = 15 in VITA. In this way, events appearing 
at the same frequency could be compared. 

The conditional averages of the positive VITA and peak events at various locations 
from the wall are shown in figures 5 (a)  and 5 (b), respectively. Following Blackwelder 
& Kaplan (1976), the conditional averages of u’ and 7’ are non-dimensionalized with 
kh,,, and kh,,,, respectively, and are denoted by ( )*. The time coordinate is scaled 
with the viscous timescale. The most distinct feature of the curves is that for t+ < 0 the 
deceleration of the fluid at the wall is almost non-existent (figure 5a), similar to the 
results of Chambers, Murphy & McEligot (1983) for flow in a channel. However, as 
the distance from the wall increases so does the deceleration of the fluid for tf < 0. In 
the viscous sublayer the deceleration is small. Further from the wall, the deceleration 
becomes more pronounced although the peak at t+ > 0 is smaller. Nevertheless, the 
peak-to-peak amplitude remains the same, about three times the long-time r.m.s. value, 
regardless of distance from the wall. This behaviour is consistent with what has been 
observed by Johansson & Alfredsson (1982) for turbulent channel flow. 

The conditional average of 7’ for k = 1, T+ z 13 obtained by Shah & Antonia (1987) 
in duct flow is also shown in figure 5(a). It can be compared to our results for 
T+ = 15 because the conditional averages of 7’ for T+ % 13-15 in this investigation are 
nearly identical. Their Reynolds number of 2.11 x lo4 based on duct half-width and 
centreline velocity is comparable to ours of 1.93 x lo4 based on 6 and U,. The same type 
of wall shear stress probes were used in both investigations. From figure 5(a),  the peak 
in (7’)* in planar wall-bounded flows is 11 YO smaller than that in the cylindrical 
boundary layer. Furthermore, the maximum frequency of positive VITA events 
detected in the cylindrical-boundary-layer case is 20 YO greater than that obtained by 
Shah & Antonia (1987). In addition, the averaging time T at which the maximum 
number of positive events is detected in T’ is 10 % larger in the duct-flow case than the 
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FIGURE 5 .  Conditional averages of positive events as a function of y+ equal to: -, 0 (wall shear 
stress); ----, 8.41 (velocity); - .  -, 39 (velocity). Here: (a) VITA detection (k = 1, F = 15); (b) peak 
detection(samey'andnumberofeventsasinV1TA)-, k =  236(118events);----,k = 2.46(111 
events); -.-, k = 1.78 (219 events); +, (wall shear stress for planar wall-bounded flow, k = 1 ,  
T+ = 13, Shah & Antonia 1987) 

cylindrical boundary layer. These results suggest that turbulent events detected at the 
wall in a cylindrical boundary layer occur more frequently and are of a shorter 
timescale than in planar wall-bounded flows. A shorter timescale suggests higher 
frequencies, which is consistent with the power spectra shown in figure 4. 

The amplitude of the conditional averages of peak events (figure 5 curve b) decreases 
with increasing distance from the wall. This is similar to what happens in the case of 
positive VITA events for tf > 0 (figure 5 curve a). The peak also has a narrower base 
for measurements near the wall indicating that the events are either shorter or not 
smeared in time as much as events further from the wall. The number of events detected 
near the wall and at y+ = 8.4 is about half that detected at y+ = 39 for the same 
detection criteria. This suggests that while there are few events that can overcome the 
damping effect of the wall, the ones that do overcome it and are detected are very 
energetic. 

5.2. Conditionally averaged velocity and wall shear stress 
The instantaneous relationship between the wall shear stress and the velocity was 
investigated by simultaneously measuring both signals. The velocity and shear-probe 
configurations discussed henceforth refer to the schematic shown in figure 1. In that 
schematic 8 is the angle between probes, Ax is axial displacement between probes, S is 
arclength at the wall of the cylinder corresponding to angle 8, and y is height of the hot- 
wire velocity probe above the wall. 

Figure 6 shows simultaneous conditional averages of velocity and wall shear stress 
for configurations where the velocity probe is located directly above the shear probe 
(Ax = 0 and S = 0) at two different wall-normal locations. The VITA and peak event 
detection techniques were applied to the velocity signal, and phase-jitter effects were 
removed from the resulting conditional average of 7'. Phase jitter, a consequence of the 
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FIGURE 6. Conditional averages of positive events detected using VITA and peak detection techniques 
on streamwise velocity at y+ = 13. Here -, (u ' ) *  ; --  - - , (T')*. (a) VITA detection ( k  = 1, T+ = 15, 
221 events), (b) peak detection (k = 1.9, 220 events). 

randomness in the passage of the turbulent structures from the detection probe to the 
non-detection probe, results in some cancellation of coherence that is present, 
decreasing the magnitude of the conditional average measured at the non-detection 
probe (Blackwelder 1977). To overcome this problem, the phase information was 
regained by allowing for changes in the structure using a procedure similar to that 
implemented by Zilberman, Wygnanski & Kaplan (1977) and Johansson, Her & 
Haritonidis (1987). In the iterative alignment procedure for both VITA and peak 
detection, the conditional average with the jitter present is used as a characteristic 
signature and each realization is cross-correlated with that conditional average over a 
specified time window. An appropriate time shift is determined by the displacement of 
the maximum in the cross-correlation. A new conditional average is computed and the 
procedure is repeated. Using a time window 50v/u,2 long, similar to that used by 
Johansson et al. (1987), three iterations through the jitter removal algorithm proved 
sufficient. 

It is evident from figure 6 that the velocity probe detects the events ahead of the shear 
probe. The time delay increases as the velocity probe is displaced further away from the 
shear probe (not shown). The conditional average of the shear stress is smeared in time. 
Thomas & Bull (1983) obtained comparable results in a planar boundary layer using 
a similar velocity/shear probe configuration. They explained the time delay between 
the detection of the events by the two probes using a model of a structure inclined to 
the wall in the streamwise direction such that the velocity probe detects the structure 
ahead of the shear probe. Such coherent structures have been termed 'backs' and are 
typically inclined at 12" to 25" to the wall (Kline & Robinson, 1990). Using the peak 
conditional average, it is possible to define a unique time delay between signals. Using 
the time delay between peaks in figure 6 curve (b) and the corresponding result for the 
velocity probe positioned at y+ = 30 along with a convection velocity of turbulent 
structures of U, = 0.51U0 (discussed in §6.1), the average value of the angle of 
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FIGURE 7. Conditional averages of positive events detected using VITA and peak detection techniques 
on wall shear stress. Here ----, (7’)*; -, (u’)* at y+ = 13. (a) VITA detection (k  = 1, 7‘+ = 15, 127 
events), (b) peak detection (k = 2.66, 128 events). 

inclination q5 of the structure was calculated to be 18”. This value of q5 is the same as 
that determined by Brown & Thomas (1977) in a planar boundary layer from long-time 
cross-correlations of the velocity and wall shear stress signals. 

In order to investigate the bidirectionality of the phenomenon observed in figure 6, 
the VITA and peak event detection techniques were applied to the wall shear stress, 
and jitter effects were removed from the velocity signal. The results are shown in figure 
7. The conditional average of VITA events, figure 7 curve (a),  have a similar character 
to those in figure 6 curve (a)  except for the amplitudes. That is, the shear layer is 
detected by the velocity probe ahead of the shear probe, indicating a bidirectionality 
in the detection of a shear layer. The difference in amplitudes is a consequence of 
smearing of the structure from the detection probe to the non-detection probe. If a 
larger k were used, larger-amplitude events that are more energetic would be detected 
and the smearing would be reduced. The peak events conditional averages, figure 7 
curve (b), also show some bidirectionality with those in figure 6 curve (b). The time 
delay between peaks is similar at a given wall-normal position. However, the velocity 
peaks are not as distinct as in figure 6 curve (b), even though the peaks in 7’ are much 
more pronounced. This suggests that there is not necessarily a one-to-one 
correspondence between surges in wall shear stress and surges in velocity. A possible 
explanation is that the constraint imposed by the wall on wall-normal motion is most 
strongly felt only very near the wall because of the cylindrical geometry. This could 
result in a high-amplitude r’ as fluid sweeps toward the wall from the outer region of 
the boundary layer, but a corresponding surge in streamwise velocity need not be 
detected by a velocity probe located further away from the wall because the sweep can 
wash over the cylinder. 

The spanwise relationship between turbulent structures was investigated by offsetting 
the velocity probe from the shear probe in the circumferential direction. Figure 8 
curves (a-c) shows the conditional averages for S+ = 0, 55,  and 100, respectively (see 
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FIGURE 8. Conditional averages of positive events based on VITA detection on streamwise velocity 
( k  = 1, T+ = 15). Here -, ( u ’ ) * ;  ----, ( T ’ ) * .  (a) y+ = 13, S+ = 0, Ax+ = 0 (221 events); (b) 
y+ = 8, S+ = 55, Ax+ = 0 (111 events); (c) y+ = 8, S+ = 100, Ax+ = 0 (120 events). 

figure 1 for a definition of S’) corresponding to zero, half and one low-speed streak 
spacing, which is about lOOv/u, (Lueptow & Jackson 1991). A positive VITA event 
detection technique was applied on the velocity signal and jitter was removed from the 
conditional average of the wall shear stress. 

The low-speed streaks, thought to be a precursor to the burst-sweep cycle, are 
separated by regions with a higher fluid velocity. Thus, for an offset of S+ = 55  (shown 
in figure 8 curve b)  when the velocity probe detects low-speed fluid for t+ < 0, the shear 
probe detects high-speed fluid. For t+ > 0, the rapid acceleration, which is believed to 
be caused by the sweep terminating the burst-sweep cycle, is evident in the conditional 
average of the velocity. The wall shear stress pattern shows a deceleration for tf > 0 
followed by an acceleration. If that acceleration at the shear probe is caused by the 
sweep detected at the velocity probe, then the sweep has a circumferential span of at 
least 55v/u,. The results of Shah & Antonia (1987) lend credibility to this hypothesis. 
They observed independence of T,,,/T using shear probes with spanwise lengths of 
about 6v/u,  to 45v/u,. Their argument was that the viscous sublayer, according to 
Cantwell (1981), is dominated by sweeps that have a larger spanwise width than 
ejections. The delay between the peak in the acceleration of the velocity and that of the 
wall shear stress for t+ > 0 is consistent with the idea of the inclined structure discussed 
earlier. 

Blackwelder & Eckelmann (1 979) used velocity/shear probe configurations similar 
to those used in this investigation in a channel flow. In their results, reported for a 
spanwise offset between probes of 6v/u,  to 60v/u,, a positive peak occurs in the 
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conditional averages of 7’ at - 10 < t+ < 12 for every spanwise offset greater than 
20v/u,. Although Blackwelder & Eckelmann’s results do not show the presence of two 
humps in (7’)* like those in figure 8 curve (b), no mention is made in their report of 
corrections for jitter effects. Based on the tests made during this investigation, the 
peaks and valleys in their conditional averages of 7’ may shift and become sharper if 
jitter is removed. Thus, it cannot be concluded with certainty whether the turbulence 
mechanisms in planar and cylindrical boundary layers differ significantly. 

A circumferential offset of the velocity probe by 10Ov/u, in the cylindrical boundary 
layer results in the conditional averages shown in figure 8 curve (c). The peak that 
occurs in the wall shear stress for t+ > 0 is barely evident, indicating that the sweeping 
motion is too far away to be detected by the shear probe. The first hump in (7’)* 

remains, indicating that the event is still detected by both probes in spite of their 
spanwise separation. 

6. Results: long-time results 
6.1. Cross-correlations 

The degree to which two signals are related to each other in the time domain can be 
determined from the correlation coefficient. The long-time correlation coefficient 
between the velocity and the wall shear stress is defined as 

where the overbar denotes a time average and t is the time delay between the signals. 
The correlation coefficients were calculated using the discrete Fourier transform as 
described in Newland (1984). 

Figure 9 shows the correlations between the velocity and the wall shear stress when 
the velocity probe is located directly above the shear probe for increasing distance from 
the wall. Note that the magnitude of R,,,, at t = 0 is nearly unity near the wall 
suggesting a very strong correlation. The magnitude of the correlations decreases as the 
velocity probe is moved farther from the shear probe. The lag time corresponding to 
the peak value of R , ,  increases with distance from the wall, indicating that the 
structure responsible for the correlation reaches the velocity probe before it reaches the 
wall shear stress probe. That is, the structure is inclined to the wall in the streamwise 
direction. Even at a large y+ of 800 (J/S = 0.9) there is still a measurable degree of 
correlation between the two signals. This suggests that the size of the structure is 
probably on the order of the boundary-layer thickness. The results obtained by Brown 
& Thomas (1977) and Rajagopalan & Antonia (1979) for planar wall-bounded flows 
are qualitatively similar to those in figure 9. 

The velocity probe was subsequently displaced from the shear probe in the 
streamwise direction to Ax+ = 344 (Ax/S = 0.37, S+ = 0). Since the thermal wake of 
the shear probe interferes with velocity measurements close to the wall no 
measurements could be made for y+ < 84. The trend of the correlations is similar to 
that shown in figure 9. In fact, the maximum magnitude of R,,+ is about the same for 
Ax+ = 0 and Ax+ = 344 at a similar y+, suggesting that the structure responsible for the 
correlations in figure 9 does not weaken substantially as it moves in the streamwise 
direction. This trend continues for axial displacements as large as Ax+ = 1002 
(Wietrzak 1992). 

For the velocity probe at a wall-normal position of y+ = 103 and a streamwise 
position of Ax+ = 344 downstream of the wall shear stress probe, the lag time for the 
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FIGURE 9. Cross-correlation coefficient RU,+ for velocity and wall shear stress. Velocity probe is 
located at s+ = 0,  Ax+ = 0, and --, y+ = 13; ---, y+ = 30; -.-, y+ = 72; - .  .-, y + =  800. 

maximum correlation is t z 0. This means that both probes detect the turbulent 
structure simultaneously. Using a method similar to that used by Brown & Thomas 
(1977) for a planar wall-bounded flow, the angle of inclination of the structure was 
found to be 4 = 17". The similarity between this angle for the cylindrical boundary 
layer and 4 = 18" for a planar boundary layer (Brown & Thomas 1977) suggests that 
the large-scale structures, with the angle of inclination in the streamwise-wall-normal 
plane, are similar in the two flows. Furthermore, the average value of the angle of 
inclination for the cylindrical boundary layer based on time delay between peaks 
(figure curve 6b) is 18". This suggests that the coherent turbulent structure is a 'back' 
(Kline & Robinson 1990) and indicates that there is a close relationship between the 
large-scale structures and the intense turbulent activity occurring near the wall as was 
suggested by Brown & Thomas (1977) and Thomas & Bull (1983). 

The convection velocity of the turbulent structure, U,, can be estimated using the 
information from figure 9. Because of the wall-normal spacing of the shear stress probe 
and the velocity probe, this convection velocity refers to the motion of large-scale 
inclined structures, not to the convection of the turbulent field. Defining the location 
of the velocity probe directly above the shear probe as y,, and the time when the peak 
in R,,7' occurs as t,, the convection velocity is given by U, = y,/(t, tan 4). Using the 
value of 4 = 17", U J U ,  = 0.51 at y+ = 30 and UJU,  = 0.79 at y+ = 72. The delay 
time at y: = 13 was not used because the assumption of constant q5 may not be valid 
in the region very near the wall (Rajagopalan & Antonia 1979). 

Rajagopalan & Antonia (1979) used two hot-film probes separated by 0.98 cm in the 
streamwise direction to determine U,/ U,. They found that U,/ U, increases from 0.46 
at R, = 2.2 x lo4 to 0.62 for R, > 3.5 x lo4, where R, is the Reynolds number based on 
duct half-width and centreline velocity. Brown & Thomas (1977) determined that the 
convection velocity of the large-scale turbulent structure ranges from U,/U, = 0.65 
at y+ = 170 to 0.75 at y/S = 0.75. Thus, the convection velocity measured in this 
investigation is similar to that measured in planar wall-bounded flows. 
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FIGURE 10. Cross-correlation coefficient R,,+ for velocity and wall shear stress. Velocity probe is 
located at -, y+ = 13, S+ = 0, Ax+ = 0; ---, y+ = 8.4, S+ = 55,  AX+ = 0;  -.-, y' = 8.4, s+ = 100, 
AX+ = 0. 

Offsetting the velocity probe from the shear probe in the spanwise direction allows 
the study of the transverse extent of the turbulent structures. Figure 10 shows 
correlations where the offset positions of the velocity probe were arclengths on the 
cylinder wall, S+, of 0,55,  and 100 viscous lengths, corresponding to zero, half, and one 
low-speed streak spacing. The most striking feature of the correlations is the double 
peak that occurs in the correlation curve corresponding to S+ = 55. Apparently there 
are instances when a turbulence structure is detected by the velocity probe ahead of the 
shear probe and vice versa. This indicates that the leading edge of the structure is at 
an angle to the axis of the cylinder, or is yawed in the spanwise direction. At Sf = 100, 
a double peak may be evident at tUo/S z Ifr. 2.5, although this is at the noise level of the 
correlation and may not be significant. Nevertheless, a negative correlation exists 
between the velocity and the wall shear stress. Kreplin & Eckelmann (1979) also 
observed that signals from shear probes with a spanwise offset of lOOv/u, are negatively 
correlated in planar wall-bounded flows. A double peak also appears at S+ = 55 when 
y' = 39, although the negative correlation at S+ = 100 disappears at this wall-normal 
location. These results suggest that the spanwise lengthscale of the turbulent structure 
responsible for the double peak is greater than 55v/u, and less than lOOv/u,. 

In order to investigate the double-peak phenomenon further, a shear probe was 
constructed that could measure the wall shear stress simultaneously at two points in the 
spanwise direction. The probe is of the type described in $3.2, with the exception that 
two heated element/ceramic assemblies were mounted side by side. The heated 
elements were 3.81 x lop4 m long (W' = 12.74 at U,, = 11 m s-'). The distance from 
centre to centre of the heated elements was 1.02 x lop3 m (I+ = 34 at U, = 11 m s-l). 
The dimensionless length of the heated elements and the distance separating them was 
adjusted by varying the free-stream velocity to change the value of the friction velocity 
used in non-dimensionalization. 

The cross-correlation curves of the data taken with the double shear probe are 
shown in figure 11, where 7; and 7; refer to the shear stress measured by each probes. 
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FIGURE 11. Cross-correlation coefficient R7i7; for double shear probe; --, I+ = 0;  ---, 
1' = 21; - .  ~, 1' = 34; - .  . -, I+ = 46. 

The slight asymmetry in the correlations may be due to a 1.6% difference between 
values of T,,, measured by the two shear probes. The distance from the centre to centre 
of the heated elements was varied from I+ = 0 4 6 .  A length of I+ = 0 corresponds to 
correlating a signal with itself. The double peak appears in the correlations as the 
probes are spaced further apart. The maxima of the double peaks in figure 11 occur at 
greater t+ as the distance between the probes increases, supporting the idea of a 
structure yawed relative to the axis of the cylinder. However, the maxima of the double 
peaks using an outer scaling for time occur at the same tU,,/6, suggesting that the 
double hump is not related to a near-wall structure such as streaks. 

A sketch of two possible structures that could be responsible for the double peak in 
figures 10 and 11 is shown in figure 12. One possibility is an arrowhead type structure. 
Depending on the location of the structure in the spanwise direction relative to the 
probes, either probe is equally likely to detect it first. Another possibility is that the 
structure has just one inclined edge, with the angle of inclination being equally 
probable in either direction. Occurrences of both structures are also possible. The angle 
of inclination, /3, was estimated based on the convection velocity U J U ,  = 0.51, the 
spanwise separation of the heated elements of the double shear probe, and the lag time 
for the peaks in figure 11. The yaw angle is estimated to be /3 = 81" for both 1' = 34 
and I+ = 46. Based on the results of figure 10, the span of the inclined structure would 
be greater than 55v/u, and less than lOOv/u,, as discussed above. An arrowhead-type 
structure would be twice as wide. Using the yaw angle of 81", an estimate of the 
maximum axial length of the structure so that the width does not exceed 1OOv/u, is 
between 347v/u, (0.398) and 630v/u, (0.706). 

Simultaneous measurements of the wall shear stress in planar wall-bounded flows 
using multiple shear stress probes separated by a spanwise distance have been made by 
Mitchell & Hanratty (1966), Blackwelder & Eckelmann (1979), Kreplin & Eckelmann 
(1979), Hogenes & Hanratty (1982), and Nikolaides, Lau & Hanratty (1983). However, 
the only investigators to show the cross-correlation curves between the signals from the 
shear probes are Kreplin & Eckelmann (1979). In their investigation they varied the 
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FIGURE 12. Schematic of possible transverse turbulent structures responsible for double 
peak in the cross-correlations. 

distance between shear probes in the range 12.6 < P < 105. The correlation curve for 
I+ = 12.6 has a maximum at t = 0 and is symmetric, as are the correlation curves at the 
other separation distances. Kreplin & Eckelmann (1979) neither show nor mention the 
presence of a double peak in their correlation curves. It appears that the inclined 
structures hypothesized in figure 12 for the boundary layer on a cylinder are not 
present in planar wall-bounded flows. 

Two causes of the inclined structures in the cylindrical boundary layer are possible. 
First, Lueptow & Haritonidis (1987) observed in their flow visualization experiments 
that large-scale structures move freely in the boundary layer and can pass from one side 
of the cylinder to the other. Thus, a large-scale structure can bump into the cylinder 
and wash across it. Second, the sweeping motion during the burst-sweep cycle could 
have a similar effect. In either case, the fluid structure approaching the wall would split 
with one part passing around each side of the cylinder as each part is carried 
downstream. The resulting structures could be similar to those proposed in figure 12. 
However, based on figure 8 it was hypothesized that the width of the sweep during the 
burst-sweep cycle is approximately 55v/u7-l OOv/u, in this investigation. From figure 
10 the turbulent structure near the wall responsible for the double peaks in the 
correlation also appears to be between 55v/u,-lOOv/u, wide. Thus, it is possible that the 
structures proposed in figure 12 are initiated during the burst-sweep cycle. 

The limit on the distance from the wall for which the double peaks in the correlations 
occur was investigated by positioning the velocity and shear probes at a given spanwise 
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FIGURE 13. Cross-correlation coefficient R,,7, for velocity and wall shear stress. Velocity probe is 
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separation and varying the height of the velocity probe above the wall. The variation 
of the cross-correlation curves with increasing y+ is shown in figure 13. In addition, 
R,;.; for I+ = 46 (from figure 11) was plotted in figure 13 to give a representative picture 
of the correlation at the wall. The double peak in the correlation gradually disappears 
with increasing distance from the wall. At y+ = 210 the double peak is gone, and it has 
been replaced by a positive correlation. The positive correlation is consistent with the 
passage of a large-scale coherent structure inclined to the wall. 

0.2 

6.2. Coherence 

The extent to which two signals are linearly related in the frequency domain can be 
determined from the coherence function. For simultaneously measured velocity and 
wall shear stress, the coherence function, yt. , . ( f) ,  is defined as 

- 

I I I 

where GUST,( f )  is the cross-spectral density function and Guru,( f) and G++( f j  are the 
auto-spectral density functions of the velocity and the wall shear stress, respectively 
(Bendat & Piersol 1986). 

The coherence function for the case of the velocity probe located directly above the 
shear probe is shown in figure 14. Included in figure 14 is a plot of the spectral density 
distribution for 7’ and u’ presented in the same format as figure 4. The maximum value 
of yi.,. is highest for the case when the velocity probe is closest to the wall at y+ = 13. 
Its maximum is equal to 0.72, and the high degree of coherence between the two signals 
is consistent with the fact that in the viscous sublayer u’ is proportional to 7’. As the 
velocity probe is displaced further away from the wall, the magnitude of &,. decreases 
until it reaches almost zero at yf = 800. A qualitatively similar trend has been observed 
by Rajagopalan & Antonia (1979) in a duct flow. 
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FIGURE 14. Coherence function &,. and power spectral density @ of velocity and wall shear stress. 
Velocity probe is located at S+ = 0, Ax+ = 0, with y+ equal to: ---, 13; -. -, 30; -. . -, 72; -, 800, 
___ , spectral density of wall shear stress. 

From figure 14, it is evident that the peak value of y;.,. shifts to lower frequencies 
as the velocity probe is displaced from the shear probe. This can be explained by noting 
that both probes will detect the same structure only if its lengthscale is larger than the 
distance separating them. A larger lengthscale implies lower characteristic frequency 
which leads to a shift of the maximum coherence to a lower frequency band. Perhaps 
even more important is the small level of coherence for high-frequency components of 
fS/ U, > 1. The peaks in the plots of &,. shown in figure 14 occur in the frequency band 
centred at f S /U ,  = 0.15. The spectra of 7' and u' have peaks centred at a higher 
frequency of fS/U,, x 0.60. Thus, maximum coherence occurs at a frequency where 
energy is much less than in the 7' or u' spectra. This means that only low-frequency 
energy is coherent and the high-frequency scales are not related even at very close 
probe spacing. 

The coherence for the cases of the velocity probe being displaced from the shear 
probe in the spanwise direction is shown in figure 15. The coherence for one-half streak 
spacing has a double hump, while for zero and one streak spacing there is only one 
hump. This corresponds to the appearance of a double peak in the cross-correlations 
for these configurations plotted in figure 10. The double peak in the cross-correlations 
that occurs when the velocity probe and shear probe are displaced from each other by 
half a streak spacing occurs at a delay time corresponding to f S / U ,  = 2. This frequency 
is of the same order as f S /U ,  = 1 for the appearance of the second hump in the 
coherence for one-half streak spacing. The lower-frequency hump for one-half streak 
spacing is in the range of frequencies that was related to the inclined structure in figure 
14. Thus, the first hump for half-streak spacing between probes at f S / U ,  = 0.15 
appears to correspond to the large-scale structure inclined in the streamwise direction. 
The second hump at f S / U ,  = 1 appears to correspond to the transverse structure 
yawed relative to the cylinder axis. Similar behaviour is observed in measurements 
made with the double shear probe (Wietrzak 1992). 
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FIGURE 15. Coherence function f$,. for velocity and wall shear stress. Velocity probe is located at: 
-, y+ = 13, S+ = 0, AX+ = 0 ;  ---, JI+  = 8.4, S+ = 55, AX+ = 0 ;  -.-, JI+  = 8.4, S+ = 100, AX+ 2 0. 

7. Conclusions 
Our goal has been to determine the effect of transverse curvature on the fluctuating 

wall shear stress and flow structures in a turbulent boundary layer. The flow parallel 
to a long slender cylinder with $/a = 5.7 results in a situation where the effects of 
transverse curvature are evident. The use of a high-frequency-response hot wire on the 
wall probe for measuring the streamwise wall shear stress and a hot-wire probe for 
measuring the streamwise velocity provides a method for relating the structure of the 
turbulence in the boundary layer above the wall with its signature fluctuating shear 
stress at the wall. 

Very near the wall, the character of the turbulence seems largely unaffected by the 
transverse curvature. The intensity of wall shear stress fluctuations, 7,,,/7 = 0.32, 
although somewhat low, is within the broad bounds of that for planar wall-bounded 
flows, and the distribution of the wall shear stress fluctuations is similar to planar wall- 
bounded flows. The conditionally averaged velocity and wall shear stress traces for 
VITA and peak detection are similar to those for a flat plate, indicating that the 
burst-sweep cycle is not substantially altered by transverse curvature, confirming the 
results of Lueptow & Haritonidis (1987). A relatively strong bidirectionality exists 
between VITA events detected on the wall shear stress and velocity, indicating that 
detection on either identifies the same events. The bidirectionality for peak detection 
is evident although not nearly as strong. The large-scale structures, or backs, that are 
detected appear to be inclined to the wall at an angle of 18", similar to the angle found 
by Brown & Thomas (1977). 

Although the transverse curvature does not seem to have a significant effect on the 
burst-sweep cycle or related structures inclined to the wall, there are two significant 
effects of transverse curvature on the turbulent boundary layer. First, the energy in the 
spectrum for the wall shear stress is reduced at low frequencies compared to that for 
planar wall-bounded flows. Similar results have been obtained for the wall pressure 
(Willmarth & Yang 1970; Snarski 1992). An explanation of the phenomenon was 
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presented by Willmarth & Yang based on the result that the convection velocity for 
pressure-producing eddies is the same in a cylindrical boundary layer as in a planar 
boundary layer. Since the cylindrical boundary layer has a fuller mean velocity profile, 
the eddies move faster. To maintain the same convection velocity, the pressure- 
producing eddies must be smaller. This same effect could reduce the fluctuations in wall 
shear stress at lower frequencies. However, the energy at high frequencies in a 
boundary layer on a cylinder must increase, so that r,,,/? remains the same as that for 
a planar boundary layer. 

The second effect of transverse curvature is the appearance of the double bump in 
the cross-correlations when probes are offset in the spanwise direction by one-half 
streak spacing. The arrowhead or half-arrowhead structure yawed to the axis of the 
cylinder that could be responsible for this result may be a consequence of fluid washing 
over the cylinder. The fluid that washes over the cylinder could be related to either the 
sweep following a burst washing across the cylinder or an eddy of fluid in the outer part 
of the boundary layer bumping into the cylinder and washing across it. In either case, 
the coherence indicates that the yawed structure is related to higher frequencies and that 
the inclined structure is related to lower frequencies. 

Based on the results presented here and in previous studies an overall picture of the 
structure of a thick turbulent boundary layer on a cylinder emerges. As the boundary- 
layer thickness becomes large compared to the radius of the cylinder, the flow can be 
thought of as a hybrid between an axisymmetric wake and a boundary layer. The wall 
continuously converts mean flow energy into turbulent energy with a mechanism that 
is very similar to that in planar wall-bounded flows. In other words, the transverse 
curvature has little effect on the flow very near the wall. Away from the wall the 
cylindrical geometry results in an axisymmetric wake-like flow with the cylinder 
producing vorticity and turbulence near its centreline. Large structures from the wake- 
like outer flow or the sweeps following a burst may wash across the cylinder resulting 
in the yawed structures described in this paper. 
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